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Abstract. A method that allows testing the presence of spatial isotropy is 

proposed. The procedure is based on a non-parametric bootstrap approach 

where the means of the semi-variance are compared for two fixed azimuths 

and an arbitrary lag distance. A simulation study and application in forest 

science real data were developed to investigate the performance of this me-

thod. In the case of an isotropy process (simulated data), the hypothesis of 

isotropy was accepted for all analyzed lag distances. For an anisotropic 

process (real data) and depending on the lag distances that were analyzed, 

the isotropy hypothesis was accepted or rejected. Bootstrap for dependent 

observations will be studied in future to address the possible dependency 

among the semi-variance pair values. 

1 I�TRODUCTIO� 

Spatial dependency in terms of spatial isotropy or anisotropy is a fundamental feature in 

spatial modeling for natural resources [1], [2], [3]. A correlation structure is called iso-

tropic if the correlation between observations at any two sites depends only on the dis-

tance between those sites and not on their relative orientation [4]. Otherwise, it is said to 

be anisotropic. On the other hand, two types of anisotropy are usually found in geostatis-

tical studies: i) geometrical, which implies that the correlation iso-level contours are 

ellipses o ellipsoids and ii) zonal, which implies a direction-dependent variogram sill 

[5]. The focus of our work is on zonal anisotropy.  

Conventional methods to evaluate the presence of spatial anisotropy are based on a vis-

ual analysis of the directional semi-variance, variogram maps and the anisotropy ratio 

[6], [7], [8], [9]. These analyses allow the observation of differences in the mean values 

of semi-variance between several directions or azimuths; however, it does not allow 

determining if these dissimilarities have a real statistical significance. 

Few statistical approaches have been developed to evaluate the spatial anisotropy and 

the computational implementation is difficult in most of them [10], [11], [4]. 
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In the case of verification of spatial isotropy it is important to determine if, for a specific 

lag distance h, the mean semi-variance values for two azimuths θ and Ф have the proba-

bility to be equal. 

A mean comparison test could be implemented to accomplish this objective, but it is 

necessary to know the basic parameters of the probability distribution of semi-variance 

for azimuths θ and Ф for the specific lag distance analyzed. 

The Bootstrap Re-sampling Method [12] is an approach that let the estimation of para-

meters of a distribution (mean, standard error and confidence intervals) and allows to 

implement a test. Bootstrap is based on the idea that a sampling is a good representation 

of the distribution studied. Therefore, the distribution can be estimated generating new 

samples repeatedly from the original sample.  

The advantages of bootstrap(s), compared to the classical statistical approach, is its bet-

ter accurateness, flexibility in relation to the dimension of the samplings and their inde-

pendence as regards a law of classic distribution of data. According to Jeong and Chung 

[13], if we have a set of observations x1, x2…, xn and a statistic û, the basic Bootstrap 

procedure is the following: 

1) To generate a «bootstrap sample» B1 = x1*, x2*,… ,xn* from the original sample. 

Every xi* is chosen randomly from x1, x2…, xn with replacement.   

2) Evaluate the statistic û from B1. 

3) Repeat the steps 1) and 2) m time to get û1, û2,…, ûm. 

4) Estimate the distribution of û from the Bootstrap distribution F assigning mass 

1/m to every û1, û2,…, ûm. In this case, the mean and the BCa confidence intervals 

(Bootstraps bias–corrected accelerated intervals) are the most interesting parameters to 

be estimated from the distribution F [12]. 

The aim of this work is to present a test to determine the statistical significance of spa-

tial isotropy based on the Bootstrap re-sampling method. The mean values of semi-

variance for two azimuths θ and Ф, for a specific lag distance h, are compared based on 

Bootstrap distribution F. We introduce the test procedure using a simulation data set and 

a forest real data set. 

2 DATA DESCRIPTIO� A�D METHOD 

2.1 Simulation Study 

We considered an isotropic normal distributed random field X defined on D C Z
2
 → 

�(µ,∑), with an exponential distance-based covariance. The corresponding variogram 

model is: 
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A random field X is said to be isotropic when i) the mean vector function µ is constants  

on D and, ii) the covariance function does not depend on the azimuth angle. The simu-

lated normal distributed random field was a 20 x 20 grid (400 sample points) and a 

=11.1. 

2.2 Application Study 

We applied the proposed test to topographic and forest data represented by elevation and 

tree height at the age of four years. The study zone, covering an area of 3011.8 ha, is 

located in the “Escuadrón” sector, south of Concepción in Southern Chile (36°54', 

73°54'). The general geomorphology of the site corresponds to a range of Coastal Moun-

tains having mainly an abrupt topography and an elevation reaching 500 m.a.s.l. The 

landscape is dominated by steep, short-length topographic profiles [14] and the site is 

representative of the P. radiata plantations existing in mountainous conditions near the 

sea in the south-central part of Chile. 

Elevation was obtained from a Digital Elevation Model produced applying a kriging 

method [15], to points located in 10-meter topographic contour lines, thus producing a 

RMSE for elevation of 2.8 m. Tree height was obtained from a pre-pruning forest inven-

tory, composed of 200 m
2
 circular sample plots. The plots were located systematically 

using a mean distance of 150 m among them. The total number of sample plots availa-

ble in the study site was 332. 

2.3 The test procedure 

If the means of semi-variance for two azimuths θ and Ф are given, it is of interest to find 

out if this process could be considered isotropic or anisotropic. The difference of means 

of semi-variance values γθ(h) and γФ(h) at different lag distances h gives a natural esti-

mate. Considering that statistical inference in this case is difficult [16], since the distri-

bution of this estimate does not have a closed form, we propose the following re-

sampling procedure: 

For two fixed azimuths θ and Ф and for an arbitrary lag distance h: 

Step 1. Calculate the list of pairs of semi-variance values for each azimuth θ and Ф. 

Step 2. Select a random sample Bθ and BФ of pairs of semi-variance values Bθ= xθ1, 

xθ2…,xθn and BФ= xФ1, xФ2…,xФn for each azimuth θ and Ф. With n > 50. 

Step 3. To generate a «bootstrap sample» Bθ1 = xθ1*, xθ2*,… ,xθn* and BФ1 = xФ1*, 

xФ2*,… ,xФn* from the original sample Bθ  and BФ. , every element of Bθ1 and BФ1 is 

chosen randomly from Bθ and BФ with repetition. 

Step 4. Evaluate the statistic û; û = Bθ1 - BФ1. 

Step 5. Repeat the steps 3) and 4) m times to get û1, û2,…, ûm. 

Step 6. Estimate the distribution of û from the Bootstrap distribution F assigning mass 

1/m to every û1, û2,…, ûm. Calculate the mean and the BCa confidence intervals (Boot-

strap bias–corrected accelerated intervals) from the distribution F ([14]. 

Step 7. Based on the BCa confidence intervals, formulate the following hypotheses: 
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H0: The process is isotropic. There is no significant difference between the means of the 

semi-variance of azimuths θ and Ф for the lag distance h. The test is carried out using a 

95% confidence interval based on the percentiles (2,5% - 97,5%) of the Bootstrap dis-

tribution F.  

H1:The process is anisotropic. The means of semi-variance of azimuths θ and Ф are sig-

nificantly different for a lag distances h. 

For the simulation and application studies, semi-variograms were generated considering: 

azimuths 0° and 90° for lag distances h = 6 units and h=200 m respectively (Figure 1a, 

b and c). The number of simulation runs in the bootstrap test were m = 5000. 

3 RESULTS 

For the simulation study (Figure 1a), it is first noticed that for all lag distances analyzed, 

the isotropy hypothesis was not rejected with significance levels of 5% (Figure 1d). 

Next, it is also observed that this hypothesis is accepted with more power for large lag 

distances. These behaviors are the result of the semi-variance pair values distribution 

inside each lag distance analyzed. With an increasing distance, neighbors tend to be 

more dissimilar but always with a probability to have means of semi-variance similar. 

For elevation and tree height, a visual analysis shows an apparent anisotropy at different 

spatial scales (Figure 1b and c). However, for both variables the test does not reject the 

hypothesis of isotropy for lag distances of less than 600 meters for elevation and 1,600 

meters for tree heights (Figure 1e and f). Over these distances, the null hypothesis be-

gins to be rejected more strongly. 
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a) Semi-variance of simulated data. b) Semi-variance of Elevation.  
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c)  Tree height semi-variance . d) Bootstrap test for simulated data. 
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e) Bootstrap test for elevation.  f) Bootstrap test for Tree height.  

Figure 1. Semi-variance and results of Bootstrap test for the simulation and application 

studies.  

4 CO�CLUSIO� A�D FUTURE WORK 

In this work we have introduce a simple test to prove isotropy base on Bootstrap ap-

proach. As a result, with this approach it is possible to determine the lag distances val-

ues where a spatial process can be considered either isotropic or anisotropic. This test 

can be used as an alternative to other methods based on visual analysis. Bootstrap for 

dependent observations will be studied in the future to address the possible dependency 

among semi-variance pair values. The possible improvement of the proposed method 

when using bootstrap for spatial dependent observations (e.g. Sherman’s proposal [17]), 

is an interesting open issue to be examined in future research from the theoretical and 

applied perspective.  
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